Electrostatically-defined semiconductor quantum dot arrays offer a promising platform for quantum computation and quantum simulation. However, crosstalk of gate voltages to dot potentials and inter-dot tunnel couplings complicates the tuning of the device parameters. To date, crosstalk to the dot potentials is routinely and efficiently compensated using so-called virtual gates, which are specific linear combinations of physical gate voltages. However, due to exponential dependence of tunnel couplings on gate voltages, crosstalk to the tunnel barriers is currently compensated through a slow iterative process. In this work, we show that the crosstalk on tunnel barriers can be efficiently characterized and compensated for, using the fact that the same exponential dependence applies to all gates. We demonstrate efficient calibration of crosstalk in a quadruple quantum dot array and define a set of virtual barrier gates, with which we show orthogonal control of all inter-dot tunnel couplings. Our method marks a key step forward in the scalability of the tuning process of large-scale quantum dot arrays.
Electrostatically-defined semiconductor quantum dot arrays offer a promising platform for quantum computation and quantum simulation. However, crosstalk of gate voltages to dot potentials and inter-dot tunnel couplings complicates the tuning of the device parameters. To date, crosstalk to the dot potentials is routinely and efficiently compensated using so-called virtual gates, which are specific linear combinations of physical gate voltages. However, due to exponential dependence of tunnel couplings on gate voltages, crosstalk to the tunnel barriers is currently compensated through a slow iterative process. In this work, we show that the crosstalk on tunnel barriers can be efficiently characterized and compensated for, using the fact that the same exponential dependence applies to all gates. We demonstrate efficient calibration of crosstalk in a quadruple quantum dot array and define a set of virtual barrier gates, with which we show orthogonal control of all inter-dot tunnel couplings. Our method marks a key step forward in the scalability of the tuning process of large-scale quantum dot arrays.
Electrostatically-defined semiconductor quantum dot arrays have great application potential in quantum computation [1] [2] [3] [4] and quantum simulation [5] . In these arrays, the electrochemical potentials of dots and the tunnel coupling between neighboring dots are controlled electrostatically by applying gate voltages. By adjusting the dot potentials and tunnel couplings, also the exchange coupling between electron spins in the quantum dots can be tuned to perform spin-qubit operations [6] [7] [8] [9] . In addition, the in-situ control of the parameters have allowed the use of quantum dot arrays for analog quantum simulation of Fermi-Hubbard physics [10, 11] .
Crosstalk from capacitive coupling between gates and the quantum dot array causes a change in any of the gate voltages to affect not just one but multiple parameters. In the past, this crosstalk has been compensated through iterative adjustment of gate voltages to reach the target values. More recently, virtual gates have been introduced as linear combinations of physical gate voltages that enable orthogonal control of dot potentials [10, 12] . The virtual gates are obtained by inverting a crosstalk matrix that expresses by how much each physical gate shifts each of the electrochemical potentials. The technique of crosstalk compensation for dot potentials has become a standard and essential technique in multi-dot experiments [13] [14] [15] . However, the inter-dot tunnel coupling is approximately an exponential function of the gate voltages [10, 16, 17] , and so far it has remained unclear how to incorporate this nonlinear dependence into the crosstalk matrix. Therefore, tuning of multiple tunnel couplings in a multi-dot device is mostly done by iteratively adjusting gate voltages using manual or computer-automated procedures [18, 19] .
In this work, we achieve efficient orthogonal control of inter-dot tunnel couplings in a semiconductor quantum dot array. While the dependence of tunnel coupling on gate voltages is exponential, the exponent is still a linear combination of gate voltages. This allows us to extend the virtual gate matrix to include crosstalk on the tunnel barriers. Specifically, we first show how to efficiently obtain the elements of the virtual gate matrix from the derivatives of tunnel couplings with respect to gate voltages. Next, we test the use of the re-defined virtual barrier gates for orthogonal control of the tunnel couplings in a quadruple dot over a wide range of tunnel coupling values.
The experiment is carried out in an electrostaticallydefined quantum dot array in a GaAs heterostructure (see Fig. 1(a) shows the relevant part of the device). Details of the fabrication and characterization of a nominally identical device are described in [13] . Quantum dots are formed by applying DC voltages to a set of plunger gates, P , and barrier gates, B. For brevity, we will also use the labels P and B to refer to the voltages applied to the corresponding gates. Each plunger gate, P i , is designed to primarily control the electrochemical potential µ i of dot i and each barrier gate, B ij , is designed to mainly control the inter-dot tunnel couplings, t ij , between neighboring dots i and j. Each P i is connected to a bias-tee for additional fast control of the dot potential using an arbitrary waveform generator. In this experiment, up to four dots (a quadruple quantum dot) are formed, see Fig. 1(a) . In addition, a sensing dot, S, is operated as a charge sensor. Due to capacitive coupling, the sensing dot potential and thus the conductance through the sensing dot depend on the number and position of the electrons in the quantum dot array [2] . The change in conductance is measured using radio-frequency reflectometry to achieve fast read-out of the charge configuration [20] .
In the literature so far, the relationship between virtual plunger and barrier gates P and B and the physical plunger and barrier gates P and B is expressed via a crosstalk matrix of the form [10, 13, 14 ]
(1) The matrix entries are measured using α ij = ∂µi ∂Pj / ∂µi ∂Pi and similar ratios involving the B gates. By definition, then α ii = 1. The linear combination of P and B to orthogonally control the dot potentials is obtained from the inverse matrix. However, P -B do not compensate for the crosstalk on tunnel couplings, hence applying a voltage on B ij not only changes t ij but also affects nearby tunnel couplings t kl , as illustrated in Fig. 1 
To overcome this limitation, we note that t ij can be approximated as an exponential function [16, 17] 
is the potential of the barrier at a position x, and E is the energy of the tunneling electron). Our crucial assumption, which we will verify below, is that Φ ij can be expressed as a linear combination of P and B with coefficients Λ and Γ respectively. A set of re-defined virtual gates, P † -B † , which includes the compensation for the crosstalk on tunnel couplings, is then constructed from 
where β 51 = Λ 12 1 /Γ 12 12 , β 52 = Λ 12 2 /Γ 12 12 , β 56 = Γ 12 23 /Γ 12 the dots are formed, the crosstalk matrix from Eq. (1) is determined. Figure 2 (a) shows the charge stability diagram of the double dot obtained when sweeping P 2 and P 3 . The inter-dot tunnel coupling t 23 is characterized near the (0,1)-(1,0) inter-dot transition by scanning the dot potentials along the detuning axis (the red dotted line in Fig. 2(a) ), see Fig. 2 (b). The gate voltages are converted to dot detuning using lever arms measured with photon-assisted tunneling (PAT) [21] (see Supplemental Material [22] ). The smooth variation in charge occupation is caused by thermal excitation and charge hybridization via the inter-dot tunnel coupling, and is fitted to a model described in [18] , which is adapted from the one in [23] , to obtain the value of the tunnel coupling. Utilising this method, the inter-dot tunnel coupling can be measured in approximately a second. Alternatively, the tunnel coupling can also be extracted from PAT measurements [21] . The crosstalk of B kl on t ij can be characterized by varying the voltage on B kl and then measuring the change in t ij . It is important to use the virtual barrier B kl instead of the physical barrier B kl because varying B kl keeps the dot potentials unchanged so that they remain close to the inter-dot transition. Hence, inter-dot transition scans can be performed subsequently at different B kl without manually adjusting dot potentials. Note that similar methods for extracting tunnel couplings can also be used for higher electron occupations [18] .
Figure 2(c) shows the measured t 23 as a function of the corresponding barrier B 23 and the neighboring barrier B 12 . As B 23 becomes more positive, the potential barrier between dots 2 and 3 is lowered so t 23 increases exponentially. As B 12 is increased, however, crosstalk makes t 23 decrease exponentially. The crosstalk from B 12 to t 23 can be understood by considering the following factors. First, increasing B 12 also increases B 12 , which by itself increases t 23 . Second, in order to keep dot potentials fixed, the voltage on P 2 is decreased to compensate the crosstalk from the increased voltage on B 12 to the potential of dot 2. Decreasing P 2 reduces t 23 . Finally, increasing B 12 may shift the wavefunction of the electron in dot 2 away from the electron in dot 3, hence reducing the tunnel coupling as well. Combining these factors leads to the negative crosstalk of B 12 on t 23 .
By fitting the data in Fig. 2(c) to an exponential function t 23 = t 0 exp(Γ 23 kl B kl ), we obtain Γ 23 12 = −2.31 ± 0.08 × 10 −2 mV −1 , Γ 23 23 = 4.26 ± 0.17 × 10 −2 mV −1 and the crosstalk ratio r = |Γ 23 12 /Γ 23 23 | = 54 ± 3%. In fact, the ratio between Γ 23 12 and Γ 23 23 can be obtained more easily by varying B 12 and B 23 in a small range and measuring ∂t23 ∂B 12 and ∂t23 ∂B 23 using a linear fit (see Fig. 2(d) the similar ratios r and r from the two different measurements in Fig. 2(c) and (d) . This result indicates that it is indeed sufficient to measure the derivatives of a tunnel coupling with respect to B to efficiently characterize the ratios between Γ, which are used for defining the B † .
Note that in this work we do not characterize the factors Λ for P in Eq. (2). To stay near the inter-dot transition, two neighboring P i and P j need to be varied together, therefore Λ ij i and Λ ij j cannot be independently measured using our method. However, this does not affect the orthogonal control of t ij using B † ij . In fact, the linear combination of gate voltages needed to orthogonally change B † is independent of Λ. Of course, without knowing Λ (here set to 0), varying P † will affect tunnel couplings, which we return to later.
Next, we demonstrate the crosstalk calibration and the orthogonal control of inter-dot tunnel couplings in a quadruple quantum dot, as shown in Fig. 1(a) . A quadruple dot is formed and the capacitive coupling to dot potentials is characterized for an arbitrary initial condition, where t 12 = 33.4 ± 1.0 µeV, t 23 = 23.2 ± 0.4 µeV and t 34 = 25.6 ± 0.4 µeV. P and B are defined with Eq. (1). The quadruple dot is then tuned to the (1,0,1,1)-(0,1,1,1) inter-dot transition to measure t 12 , where (N 1 ,N 2 ,N 3 ,N 4 ) indicates the charge occupation on dots 1 to dot 4. The dependences of t 12 on B are shown in Fig. 3(a) .
As expected, t 12 shows the largest dependence on the corresponding barrier gate voltage B 12 . From ∂t12 ∂B 12 = 1.32±0.12 µeV/mV and t 12 = 33.4±1.0 µeV, Γ 12 12 = 3.95± 0.38×10 −2 mV −1 . Changing B 23 has a negative crosstalk effect on t 12 (∼ 50% compared with the effect from B 12 ). The crosstalk from B 34 is weaker (∼ 10%), which is expected, because B 34 is further away from B 12 . Note that the three fitted lines roughly intersect at ∆B ij = 0 as expected. The deviations are caused by the error in measuring tunnel couplings. Similarly, the crosstalk on t 23 and t 34 is characterized by tuning the quadruple dot to the (1,1,0,1)-(1,0,1,1) and (1,1,1,0)-(1,1,0,1) transitions, respectively. In Fig. 3(b) , t 23 shows the largest dependence on B 23 ( ∂t23 ∂B 23 = 0.97 ± 0.09 µeV/mV) and Γ 23 23 = 4.18 ± 0.39 × 10 −2 mV −1 . The crosstalk of B 12 and B 34 on t 23 is about 30%. In Fig. 3(c To achieve orthogonal control of the tunnel couplings, the characterized crosstalk ratios are placed into a new matrix including the tunnel-coupling crosstalk, as in Eq. (3), and B † are defined. If desired, the crosstalk characterization can be repeated resulting in an updated set of B † that further reduces the residual crosstalk (see Supplemental Material [22] for the final full matrix we used to proceed). Fig. 3(d-f) show the tunnel couplings as a function of B † . As intended, each t ij is only affected by the respective B † ij and crosstalk of other B † is significantly suppressed, to < 8% for t 12 and < 3% for t 23 and t 34 . The remaining crosstalk could be improved further by taking more data to accurately measure the crosstalk (see Supplemental Material [22] for summarized crosstalk values of B and B † ). This indicates that B † orthogonally control the tunnel couplings in the quadruple dot. Using B † , we can quickly tune the quadruple dot to a desired configuration, for example, t 12 = t 23 = t 34 = 33µeV (see Supplemental Material [22] ).
We next verify whether B † still compensate for crosstalk when changing the barrier gate voltages over a slightly wider range, where the exponential dependence of Eq. (2) is unmistakable. Starting from t 23 = 25.6 ± 0.2 µeV, the dependence of t 23 on B † 23 is measured for different values of B † 12 and B † 34 . Fig. 4(a) results in a higher crosstalk ratio due to the uncertainty of the linear fit). This indicates that B † compensate for the crosstalk in the exponent Φ rather than just compensate for the linearized the dependence of tunnel couplings in a small range of gate voltages. As long as the crosstalk coefficients Γ for B do not change, orthogonal control of tunnel couplings using B † is effective for a large range of tunnel coupling values.
Instead of calibrating crosstalk on all tunnel couplings in one go, we can also calibrate and compensate cross-talk one tunnel coupling at a time, as demonstrated in the Supplemental Material [22] . This method is especially useful when some of the initial tunnel couplings are small, leading to large errors in the estimated crosstalk ratio.
Furthermore, we note that the spin exchange coupling between neighbouring spins, J ij , is controlled by t ij and the double dot detuning ij . Since B † ij orthogonally controls t ij while keeping the dot potentials fixed, B † ij thus also orthogonally controls J ij [24] .
As mentioned earlier, we did not characterize the crosstalk factors Λ for P since Λ ij i and Λ ij j cannot be independently measured using the present method. Hence, varying P † does affect tunnel couplings. To perform the most complete crosstalk calibration, one may measure either t ij or J ij as a function inter-dot detuning, hence of P i and P j independently, using a spin-funnel [8] or PAT measurement [21] . Then all the elements in the crosstalk matrix in Eq. (3) can be obtained, allowing fully orthogonal tuning of dot potentials and tunnel couplings.
In conclusion, we have achieved orthogonal control of tunnel couplings in a quadruple dot using virtual barrier gates. The crosstalk is calibrated efficiently with a differential method, which requires only a few measurements over a small range of tunnel coupling variation. We also showed that the virtual barriers, calibrated at a certain condition, remain effective over a wide range of configurations. The demonstrated orthogonal control of tunnel couplings is an essential technique for configuring multi-dot devices to perform spin-qubit operations and analog quantum simulations.
The data reported in this paper are archived at https://doi.org/XXX [25] (url will be provided before publication)
DETERMINING LEVER ARMS FROM PHOTON-ASSISTED TUNNELING
The energy difference between states with different charge occupations can be characterized using photonassisted tunneling (PAT) [1] , in which these states are re-populated by a resonant microwave signal. For example, at the (1,0,1,1)-(0,1,1,1) inter-dot transition and along the detuning axis where ∆P 1 = −∆P 2 , the energy difference between (1,0,1,1) and (0,1,1,1) is described by hf = 2 12 + 4t 2 12 , where h is Planck's constant, f is the frequency of the microwave signal, t 12 is the interdot tunnel coupling, and 12 is the detuning, which is given by L 12 (∆P 1 − ∆P 2 ). L 12 is the lever arm converting gate voltage to potential energy. Fig. S1 shows the processed PAT signal at the (1,0,1,1)-(0,1,1,1) interdot transition. The fit gives t 12 = 31.8 ± 0.5 µeV and L 12 = 175 ± 2 µeV/mV. L 12 is then used for measuring t 12 from the inter-dot transition curve. By measuring the PAT signals at the (1,1,0,1)-(1,0,1,1) and (1,1,1,0)-(1,1,0,1) transitions, L 23 = 140±1 µeV/mV and L 34 = 151 ± 3 µeV/mV are obtained, which are used for measuring t 23 and t 34 respectively.
FIG. S1. Photon-assisted tunneling measurement showing the sensor signal as a function of frequency and detuning at the (1,0,1,1)-(0,1,1,1) inter-dot transition, shown after background subtraction [2] . The red dashed line is the fit of the form hf = 2 12 + 4t 2 12 . Table S1 summarizes the values and standard errors of crosstalk ∂tij ∂B kl and ∂tij ∂B † kl (in µeV/mV) extracted from the slopes in Fig. 3 of the main text.
CROSSTALK VALUES AND ERRORS

FULL CROSSTALK MATRIX
The normalized crosstalk matrix, which defines P † -B † in the P -B basis, is 
Note that, before defining B † , a set of intermediate virtual barrier gates is constructed, based on the measured crosstalk on tunnel couplings when using B . The intermediate virtual barriers contain residual crosstalk on the tunnel couplings (< 25%) due to measurement uncertainty. B † are obtained by measuring and compensating for this residual crosstalk, and are then employed to show the orthogonal control of tunnel couplings in Fig. 3 (d-f) in the main text. 6, 9) . (b) Excess charge as a function of detuning at the (1, 0, 1, 1)-(0, 1, 1, 1) (green), (1, 1, 0, 1)-(1, 0, 1, 1) (yellow) and (1, 1, 1, 0)-(1, 1, 0, 1) (blue) inter-dot transitions, along with the measured tunnel couplings (in µeV), when (∆B † 12 , ∆B † 23 , ∆B † 34 ) = (0, 6, 9) . Offset in y axis is added to the data for clarity. The dashed lines show the fit to the data.
STEPWISE TUNE-AND-CALIBRATE PROCEDURE
We here provide further details on the stepwise tuneand-calibrate procedure introduced in the main text, which allows to systematically set the tunnel couplings in a large-scale quantum dot array from an arbitrary initial configuration to a target configuration and achieving orthogonal control at the same time.
The procedure consists of the following steps: 1. Form the quantum dot array and define P -B using the 'n + 1' method described in [3] . 2. Choose a t ij , which can be chosen randomly, as the first inter-dot tunnel coupling to tune and calibrate. 3. Use the corresponding B ij to tune t ij above a value (> 20 µeV in our case) at which the crosstalk on t ij can be accurately obtained with the differential method. It is preferable to directly tune t ij to the target value, if the target value is not too small for the differential method (otherwise see step 6). 4. Characterize the crosstalk of B on t ij and update the crosstalk matrix. 5. Use the updated matrix to define a new set of virtual barrier gates, B * 1 , which compensate for the crosstalk on t ij . 6. If t ij is not yet the target value, tune t ij to the target value using B * 1 ij . 7. Move to a t kl which has not been included yet in the crosstalk compensation. 8. Use B * 1 kl to tune t kl to a sufficiently high value. Note that t ij will not be affected because B * 1 kl compensates for the crosstalk on t ij . 9. Characterize the crosstalk of B * 1 on t kl and update the crosstalk matrix. 10. Define B * 2 , which compensate for the crosstalk on t ij and t kl . 11. If t kl is not yet the target value, tune t kl to the target value using B * 2 kl . 12. Repeat steps 7-11 for the remaining tunnel couplings. 13. After going through all of the tunnel couplings, they are tuned to the target configuration, and the final virtual barrier gates, B † , orthogonally control the tunnel couplings.
We demonstrate this procedure on the quadruple dot to tune the tunnel couplings from an arbitrary initial configuration to a target configuration where all of the tunnel couplings ∼ 25 µeV. The initial condition is (t 12 , t 23 , t 34 ) = (6.1 ± 0.4, 25.9 ± 0.2, 8.8 ± 0.4) µeV. After P -B are defined, the procedure is first carried out on t 23 . Fig. S3(a) shows the crosstalk of B on t 23 . Based on the characterized crosstalk, B * 1 are defined using a crosstalk matrix where the sub-matrix for the barrier gates is The physical gate voltages corresponding to B * 1 are obtained from the inverse matrix. In Fig. S3(b) , using B * 1 , the crosstalk on t 23 is reduced to below 2%, showing the compensation for the crosstalk. Subsequently, t 34 is tuned to 24.7 ± 0.2 µeV using B * 1 34 (∆B * 1 34 = 105 mV). Interestingly, since B * 1 34 includes the compensation for crosstalk on t 23 , changing B * 1 34 by 105 mV only affects t 23 by 0.7 µeV (from 25.9 ± 0.2 µeV to 26.6 ± 0.3 µeV). This shows that t 34 can be tuned using B * 1 34 without disturbing t 23 . The crosstalk of B * 1 on t 34 is shown in Fig. S3(c) . The crosstalk matrix is updated by multiplying the matrix describing the crosstalk of B * 1 on t 34 by the current matrix used for defining B * 1 , and then normalizing each row so that the diagonal elements are 1. The updated virtual barrier gates B * 2 , which compen-
